In this article, we give a method of calculating the automorphism groups of the vertex operator algebras V + L associated with even lattices L. For example, by using this method we determine the automorphism groups of V + L for even lattices of rank one, two and three, and even unimodular lattices.
Introduction
Let L be a (positive-definite) even lattice and let V + L be the fixed-points of the VOA V L associated with L under an automorphism θ V L lifting the −1-isometry of L. The automorphism groups Aut(V + L ) of the VOAs V + L were described in [DG1] for lattices L of rank 1, in [DG2] for lattices L of rank 2, and in [Sh] for lattices L without roots. The primary purpose of this article is to generalize the method of calculating Aut(V + L ) in [Sh] to all even lattices L.
Let V be a VOA and let G be an automorphism group of V . Then the subspace V G of points fixed by G is a subVOA. Clearly N Aut(V ) (G) acts on V G . Then the question arises as to whether or not any automorphism of V G comes from N Aut(V ) (G). Take V to be the VOA V L and G to be the group generated by the involution θ V L . Then the quotient group We recall the method of [Sh] . Let S L denote the set of all isomorphism classes of irreducible V − was determined when L has no roots. Moreover, Q L was regarded as a subset of an elementary abelian 2-group by using the fusion rules of V + L . Hence there exists a group homomorphism from Aut(V + L ) to a general linear group over F 2 . Then by using the kernel and image Aut(V + L ) can be described. The main result of this article is the following: The orbits Q L are determined for all even lattices L (Theorem 4.3). This allows us to determine the automorphism group of V + L .
We explain our method of determining Q L . Since the action of Aut(V + L ) on Q L preserves the graded dimensions and fusion rules, we obtain some necessary conditions satisfied by elements of Q L . For any element W of untwisted type in S L satisfying the conditions, we will show that there exists an automorphism exchanging [0] − and W . To do this, we use a characterization of even lattices obtained by Construction B (Theorem 2.2) and certain automorphisms given in [FLM] . Thus we obtain sufficient and necessary conditions for isomorphism classes of untwisted type to belong Q L . Moreover we will classify even lattices L such that Q L contains isomorphism classes of twisted type. Determining isomorphism classes of twisted type in Q L , we obtain the orbit Q L .
Throughout this article, we will work over the field C of complex numbers unless otherwise stated. We denote the set of integers by Z and the rings of integers modulo p by Z p . We often identify Z 2 with the field F 2 of two elements. Let Ω n denote the set {1, 2, . . . , n} for n ∈ Z >0 . We view the power set of Ω n as an n-dimensional vector space over F 2 naturally. For a code C and l ∈ Z, let C l denote the set of codewords of C of weight l. For a subset U of an n-dimensional vector space R n over the real field R and m ∈ R, let U m denote the set of vectors in U of norm m. For a lattice L, the dual lattice of L is denoted by L * . For a group G and its subgroup H, N G (H) and C G (H) denote the normalizer and centralizer of H in G respectively. Let V be a VOA and let (M,
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Preliminaries
In this section, we recall or give some definitions and facts necessary in this article.
Construction B
In this subsection, we recall a standard method for constructing lattices from linear binary codes.
Let n be a positive integer and let {α i | i ∈ Ω n } be an orthogonal basis of R n satisfying α i , α j = 2δ i,j . For a subset J ⊂ Ω n , we set α J = i∈J α i . Let C be a binary code of length n. Then
is called the lattice obtained by Construction B from C. We note that L B (C) is even if and only if C is doubly even. We call {±α i | i ∈ Ω n } a frame of L B (C) with respect to the expression (1.1). The following lemma is easy to prove.
In this subsection, we review some properties of the vertex operator algebra V + L . For the details of its construction, see [FLM] .
Let L be a (positive-definite) even lattice and letL be a central extension:
In [DN2, AD] , it was shown that any irreducible V [FLM] an involution on V Tχ L induced by the −1-isometry on T χ is used.
The fusion rules of V + L were determined in [Ab, ADL] . In particular the following hold.
+ holds for any ε ∈ {±}.
(3) We start by recalling the automorphism group of V L . For a lattice L, we denote by O(L) the group of automorphisms of L which preserve the bilinear form. Let O(L) denote the group of automorphisms ofL which preserve the bilinear form on the quotient ofL by its normal subgroup of order 2. For g ∈ O(L), letḡ denote the linear automorphism of L defined byḡ(ā) = g(a), a ∈L. We view an element f ∈ Hom(L, Z 2 ) as the automorphism ofL which sends a to κ f (ā) L a. Hence we obtain an embedding Hom(L, Z 2 ) ⊂ O(L). In Proposition 5.4.1 of [FLM] , the following sequence is exact:
In [DN1], the automorphism group Aut(V L ) of V L was described as follows:
In [Do] it was shown that any irreducible V L -module is isomorphic to V λ+L for some λ ∈ L * . The group Aut(V L ) acts on the set of isomorphism classes of irreducible V Lmodules as follows.
(2) Let g be an element of O(L) and let λ be a vector in L * . Then g sends the isomorphism class of V λ+L to that of Vḡ−1 (λ)+L .
Now, let us consider automorphisms of
Since automorphisms of a VOA preserves the fusion rules and the graded dimensions, we have the following inclusions: Lemma 1.8. [Sh, Lemma 3 .12] Let L be an even lattice of rank n.
Recall that a lattice L is said to be 2-elementary if 2L * ⊂ L, and said to be totally even if both √ 2L * and L are even. 
Extra automorphisms of V + L
In this subsection we review automorphisms of V + L not in H L from [FLM] . Let C be a doubly even code of length n and let L be the lattice obtained by Construction B from C with frame {α i | i ∈ Ω n }. In Chapter 11 of [FLM] , an automorphism σ not in H L was constructed. This automorphism satisfies [0]
We now assume that C contains the all-ones codeword. Let us see the action of σ on some isomorphism classes of irreducible V + L -modules. Set β n = α Ωn /4 and γ n = α Ωn /4 − α 1 . By the assumption, vectors β n and γ n belong to L * ∩ (L/2). By [FLM, Theorem 11.5 2 Characterization of even lattices obtained by Construction B
In this section, we characterize even lattices obtained by Construction B. We will later use our characterization to determine the automorphism group of V + L . Let L be a (positive-definite) even lattice of rank n. We set
Note 2.1. The definition of R L comes from the necessary conditions satisfied by isomorphism classes of untwisted type in Q L (cf. Lemma 1.8).
Then even lattices obtained by Construction B are characterized as follows.
Theorem 2.2. Let L be an even lattice of rank n. Then the following conditions are equivalent:
(1) L is obtained by Construction B.
(2) The set R L is not empty.
To prove this theorem, we need some lemmas.
Proof. Since L is even and λ ∈ L * , the norms of vectors in λ + L are contained in λ, λ + 2Z. It follows from (λ + L) 2 = φ that λ, λ ∈ 2Z. Hence L ′ = L + Zλ is an even lattice and L ′ 2 forms a root system. In particular, the inner products of vectors in (λ + L) 2 are contained in {0, ±1, ±2}.
Let Y r = {y 1 , . . . , y r } be a subset of (λ + L) 2 such that y i , y j = 2δ i,j . We set Y r = {±y| y ∈ Y r }. Then |Ỹ r | = 2r. To prove this lemma, we will show that if r < n then there exists a vector in (λ + L) 2 orthogonal to Y r . Define
where
. By the definition of Y r and (2.2)
Hence we have
Since both x and
, which is a contradiction. So we may assume m(x) < m(x ′ ). Then by (2.3), we have
Proof. By Lemma 2.3, λ + L contains vectors e 1 , e 2 , . . . , e n satisfying e i , e j = 2δ i,j . Since 2λ ∈ L, we have
. So we regard L ′ /E as a binary code C of length n. We can choose a basis B in {±e i | i ∈ Ω n } so that L is the lattice obtained by Construction B from C with frame B (cf. the proof of [Sh, Proposition 1.8 
]).
Proof of Theorem 2.2. Suppose (1). Let {α i } be the frame. Then |(α 1 + L) 2 | = 2n + |L 2 |, and α 1 + L ∈ R L . Hence (1) ⇒ (2). It follows from Lemma 2.4 that (2) ⇒ (1).
Remark 2.5. The proof of Theorem 2.2 implies that
Let us show some lemmas by using Theorem 2.2. Let L be the even lattice obtained by Construction B from a doubly even code C of length n with frame {±α i | i ∈ Ω n }. Set β n = α Ωn /4 and γ n = α Ωn /4 − α 1 . Lemma 2.6. The following conditions are equivalent:
(2) n = 8 and C contains the all-one codeword.
Proof. Suppose (2). Since C contains the all-one codeword, γ 8 ∈ L/2. Clearly γ 8 ∈ L * . It is easy to see that
Conversely, we suppose (1). Since the norm of γ n is minimal in γ n +L and it is 1+n/8, the rank n of L must be 8. Since γ 8 ∈ L/2, we obtain α Ω 8 /2 ∈ L. Hence the all-one codeword belongs to C.
Lemma 2.7. The following conditions are equivalent:
(2) n = 16 and C contains a subcode isomorphic to the Reed-Muller code RM(1, 4).
Proof. Let k be the dimension of C. Suppose (2). In [PLF] , doubly even codes of length 16 containing the all-one codeword were classified. In particular doubly even codes of length 16 containing RM(1, 4) can be classified. Hence we obtain |C 4 | = 0, 4, 12, 28 for k = 5, 6, 7, 8 respectively. So 32 + |L 2 | = 2 k . On the other hand,
Conversely we suppose (1). Since the norm of β n is minimal in β n + L and it is n/8, the rank n of L must be 16. By Lemma 2.3, (β 16 + L) 2 contains an orthogonal basis F . SetF = {±v| v ∈ F }. By (2.4),F = {β 16 − α c /2| c ∈ D} for some subset D of C. Clearly |D| = 32. Let d be an element of D. In this section, we determine the automorphism groups of V + L for even unimodular lattices of rank 8 and 16. In particular, we will compare Aut(V Let U be a root lattice of type D 8 ⊕ D 8 . Let N be an even overlattice of U such that |N : U| = 2 and N 2 = U 2 . It is easy to check that N is unique up to isomorphism. Since the determinant of N is 4, there are three unimodular overlattices of N. In particular even unimodular lattices E 8 ⊕E 8 and Γ 16 are obtained as overlattices of N. Proof. First we consider the lattice
has a unique VOA structure extending its V -module structure (cf. − . We note that Q L was determined in [Sh] when L has no roots.
Lemma 4.1. The orbit Q L contains the isomorphism class [λ] ε for any λ ∈ R L , ε ∈ {±}.
Proof. By Lemma 1.8 any isomorphism class of untwisted type in Q L must be [λ] ε for some λ ∈ R L and ε ∈ {±}. Conversely by Lemma 1.10 and 2.4 Q L contains [λ] ε for all λ + L ∈ R L and ε ∈ {±}.
So let us discuss the cases where Q L contains isomorphism classes of twisted type. We consider the following three conditions on even lattices L: (c) L is isomorphic to the E 8 -lattice.
Proposition 4.2. The orbit Q L contains isomorphism classes of twisted type if and only if L satisfies (a), (b) or (c).
Proof. By Lemma 1.11, 2.6, 2.7 and 3.1 if L satisfies (a), (b) or (c) then Q L contains isomorphism classes of irreducible V + L -modules of twisted type. So we suppose that Q L contains an isomorphism class [χ] ε of twisted type. Then by Lemma 1.8 the rank of L is 8 or 16, and ε = − and + if n = 8 and 16 respectively. Moreover by Lemma 1.9 (1) L is 2-elementary totally even. If L is unimodular then L is isomorphic to one of E 8 , E 8 ⊕ E 8 and Γ 16 . By the result of the previous section, L must be isomorphic to E 8 . Hence L satisfies (c).
We now assume that L is not unimodular. Let us show that
By comparing the coefficients of q in the graded dimensions of V − L and V Tχ,ε L , the theta series of L is written by the Dedekind-eta series. By using the transformation formula on theta series of lattices and their dual lattices, we can describe the theta series of L * . In particular, L * \ L has vectors of norm 2 (cf. the proof of Proposition 3.14 in [Sh] 
• g must be of twisted type. By comparing the graded dimensions, it has the same sign ε. By Lemma 1.9 (2), Q L contains [λ] δ for some δ ∈ {±}. By Lemma 1.
Since L is 2-elementary totally even, C contains the all-one codeword. Hence (a) holds if the rank of L is 8. Consider the case where n = 16. Since the theta series of L is described in terms of the weight enumerator of C, we can describe the weight enumerator of C. By using the classification of even codes of length 16 [PLF] , (b) holds if the rank of L is 16.
By Lemma 1.8, 1.9, 4.1 and Proposition 4.2, the orbit Q L is determined.
Theorem 4.3. Let L be an even lattice of rank n.
By Lemma 1.6, Theorem 2.2 and 4.3, we have the following corollary. (1) L is obtained by Construction B.
(2) L is isomorphic to the E 8 -lattice. First we consider the lattice L satisfying neither (a), (b) nor (c).
+ } ∪ Q L has an elementary abelian 2-group structure under the fusion rules (cf. [Sh, Proposition 3.17] ). So we obtain a group homomorphism 
Suppose that L satisfies (a) or (b). In this case, we consider the set S L of all isomorphism classes of irreducible V + L -modules. Since L is 2-elementary totally even, S L has an elementary abelian 2-group structure under the fusion rules (cf. [Ab, ADL] and [Sh, Proposition 3.4] ). Moreover S L has a natural quadratic form associated with a nonsingular symplectic form preserved by the action of Aut(V + L ) (cf. [Sh, Theorem 3.8 
]).
Hence we obtain a group homomorphism ψ L from Aut(V 
. Therefore we have the following proposition.
Since the shape of Aut(V + L 0 ) can be described by the method given in the previous section, Aut(V + L ) can be determined in principle.
Examples
In this section, we calculate Aut(V + L ) for some lattices by using the method of Section 5.
Even lattices of rank one, two and three
In this section, we determine Aut(V + L ) for even lattices of rank one two and three. Let L be an even lattice L of rank n. Suppose that n ≤ 3. By Theorem 4.3, 
The case where L ∼ = √ 2A 3 was done in Theorem 4.3 of [Sh] . So let us consider the automorphism groups of V + L for 2A 1 and √ 2(A 1 ⊕ A 1 ). First we consider the case where
Then P L has an elementary abelian 2-group structure under the fusion rules and, 
Then P L has an elementary abelian 2-group structure under the fusion rules and P L ∼ = F 
Even unimodular lattices
Let L be an even unimodular lattice. Since the determinant of any lattice obtained by Construction B is not 1, L is not obtained by Construction B. Hence R L = φ by Theorem 2.2. By Theorem 4.3, |Q L | = 2 if L ∼ = E 8 , and |Q L | = 1 if L ∼ = E 8 . By Lemma 1.6 and Proposition 3.2, we obtain the following proposition.
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